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ON THE INNER CURVATURE
OF THE SECOND FUNDAMENTAL FORM
OF A SURFACE IN THE HYPERBOLIC SPACE.
STEVEN VERPOORT
Abstract. The object of study of this article is compact surfaces
in the three-dimensional hyperbolic space with a positive-definite
second fundamental form. It is shown that several conditions on
the Gaussian curvature of the second fundamental form can be
satisfied only by extrinsic spheres.
1. Introduction.
A substantial number of results in classical differential geometry
characterise the spheres among the compact surfaces in the Euclidean
three-dimensional space with a positive-definite second fundamental
form by means of various curvature conditions. The study of the sec-
ond fundamental form of such surfaces from the metrical point of view
has also received considerable attention, and many characterisations of
the spheres in terms of the intrinsic curvature of the second fundamen-
tal form are known (e.g. [3]–[8]).
It has been noticed already in [2] that several of these results can be
generalised to surfaces in the de Sitter space. In the present article,
some of these theorems will likewise be adapted to surfaces in the three-
dimensional hyperbolic space H3.
2000 Mathematics Subject Classification. Primary: 53C42; Secondary: 53C24,
53C45.
Key words and phrases. second fundamental form, Gaussian curvature, extrinsic
sphere.
Partially supported by the Research Foundation – Flanders (project G.0432.07).
1
2 STEVEN VERPOORT
2. Summary of the Adopted Notation and Useful
Formulae.
For a compact surface M ⊆ H3 endowed with a unit normal vector
field N , the corresponding shape operator is given by
A : X(M) 7→ X(M) : V 7→ −∇VN .
Here ∇ is the Levi-Civita connection of the enveloping space H3, and
X(M) stands for the collection of all tangent vector fields on the surface
M . Half of the trace of this operator is defined as the mean curvature
H of the surface, whereas the determinant of this operator is related
to the Gaussian curvature (of its first fundamental form I, which is
the restriction of the metric of the enveloping space H3 to the surface)
through the contracted Gauss equation detA = K + 1. If the shape
operator is a constant multiple of the identity, the surface will be said
to be an extrinsic sphere.
The second fundamental form of a compact surface M ⊆ H3 is de-
fined by
II : X(M)× X(M)→ F(M) : (V,W ) 7→ II(V,W ) = I (A(V ),W ) .
Here F(M) stands for the set of all real-valued functions defined on M .
On a surface in H3 with strictly positive Gaussian curvature, a unit
normal vector field can always globally be chosen in such a way that the
second fundamental form becomes positive-definite. This will implicitly
be assumed for such surfaces.
The focus of the present article lies on compact (immersed) surfaces
M in H3 of which the second fundamental form is positive-definite, and
can thus be seen as a Riemannian metric. The Gaussian curvature of
this two-dimensional Riemannian space (M, II) will be denoted by KII,
and is given by [1]
KII =
HK
K + 1
+ P − I (gradK , A
← gradK)
8(K + 1)2
,
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where P is a certain non-negative function and A← stands for the
inverse of the shape operator.
It should also be remarked that Erard’s formula (Q) [4] can be
adapted for surfaces in H3 with a positive-definite second fundamental
form:
detA
2
I
(
grad
(
H2
detA
)
, A← gradH
)
− 1
4
I
(
grad
(
H2
detA
)
, grad detA
)
(Q) = 2H
(
KII − HK
detA
)
(H2 − detA) .
It is straightforward that the above equation is satisfied at the umbilical
points of the surface. The equation can be established in a region which
is free of umbilical points, by expanding both the left- and the right-
hand side in terms of the orthonormal basis of principal directions.
The area element of such a surface will be denoted by dΩ, whereas
the area element of the second fundamental form is given by dΩII =√
detA dΩ.
3. Characterisations of Extrinsic Spheres.
In [1] a consideration of the formula for KII resulted in a new proof
of the following classical result:
THEOREM 1. A compact surface in H3 has constant Gaussian cur-
vature if and only if it is an extrinsic sphere.
Some characterisations of extrinsic spheres in H3 by means of the
curvature of the second fundamental form can now be given.
The theorem below should be compared with the main result of [7].
THEOREM 2. Let M be a compact surface in the hyperbolic space
H3, and assume that the second fundamental form of M is positive-
definite. The Gaussian curvature of the second fundamental form is
constant if and only if M is an extrinsic sphere.
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Proof. If a surface in H3 is given, which satisfies the mentioned con-
ditions and most notably has a second fundamental form of constant
curvature KII, choose a point p+ where K attains its maximal value. It
is well-known that this maximal value K|p+ has to be strictly positive
(see, e.g., pp. 1819 ff. of [1]). Thus every q ∈M satisfies
KII|(q) = KII|(p+) >
 H√
detA
K√
K + 1

(p+)
>
 K√
K + 1

(p+)
>
 K√
detA

(q)
(where the fact that the function ]−1 , +∞ [ → R : x 7→ x√
1+x
is
increasing has been employed). It can be concluded that∫
KII dΩII =
∫
KII
√
detA dΩ >
∫
K dΩ =
∫
KII dΩII .
This is only possible if the equality KII =
K√
1+K
is satisfied on M .
In particular, K is constant, and the result follows from the previous
theorem.
Conversely, it is plain that the functionKII is constant for an extrinsic
sphere. 
The following theorem is reminiscent to [6].
THEOREM 3. Assume M ⊆ H3 is a compact surface in the hyper-
bolic space with strictly positive Gaussian curvature. Then CK = KII
(for some C ∈ R) if and only if M is an extrinsic sphere.
Proof. First of all, it should be remarked that C > 0. This is an
immediate consequence of the Gauss–Bonnet theorem.
Let now p− be a point of M where the function detA = K+1 attains
its minimal value. The given condition implies that
C K|(p−) = KII|(p−) =
 HK
K + 1
+ P − I (gradK , A
← gradK)
8(K + 1)2

(p−)
>
 HK
K + 1

(p−)
.
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Due to the fact that K|(p−) is strictly positive, it follows that
C (K + 1)
∣∣∣
(p−)
> H|(p−) >
√
K + 1
∣∣∣
(p−)
,
and the conclusion is that every q ∈M satisfies
C
√
K + 1
∣∣∣
(q)
> C
√
K + 1
∣∣∣
(p−)
> 1 .
This means that KII
√
detA = CK
√
K + 1 > K, and by integration
there results ∫
KII dΩII =
∫
KII
√
detA dΩ >
∫
K dΩ .
Thus the equality CKII
√
K + 1 = CK = KII is valid, which can only
be the case if K is a constant. This finishes the proof. 
The next lemma will enable us to generalise a result of [8] in the
subsequent theorem.
LEMMA 4. Let M ⊆ H3 be a compact surface with positive-definite
second fundamental form. If a point p can be found where KII has a
global minimum while K has a global maximum, then M is an extrinsic
sphere.
Proof. It is known that K(p) is strictly positive, and it follows in this
way that every point q ∈M satisfies
KII|(q) > KII|(p) >
 H√
detA
K√
K + 1

(p)
>
 K√
K + 1

(p)
>
 K√
K + 1

(q)
.
A twofold application of the Gauss–Bonnet theorem thus gives us that
the integral of a non-negative function is zero:
0 =
∫ KII − K√
K + 1
 dΩII .
Consequently, this integrand vanishes identically, and every inequality
in the above reasoning is an equality. This means that KII is constant,
such that M is an extrinsic sphere. 
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THEOREM 5. Let M ⊆ H3 be a compact surface with a positive-
definite second fundamental form. Assume that the condition F (K,KII) =
0 is fulfilled on M for a function F : R2 → R : (u, v) 7→ F (u, v) which
satisfies the following requirements:


Fu > 0 ;
Fv > 0 ;
or


Fu > 0 ;
Fv > 0 .
Then M is an extrinsic sphere.
(In particular, this condition is satisfied if K = f(KII) or KII = f(K)
for a decreasing function f .)
Proof. Suppose that a surface M ⊆ H3 satisfies the conditions as for-
mulated in the theorem for some function F , including the first set of
requirements on Fu and Fv. Let q ∈ M be a point where K achieves
its global maximum, and r ∈ M a point where KII achieves a global
minimum. Assume that M is not an extrinsic sphere. According to
the previous lemma, there necessarily holds K(q) > K(r), and hence
0 = F
(
K(q), KII |(q)
)
> F
(
K(r), KII |(q)
)
> F
(
K(r), KII |(r)
)
= 0 .
This is clearly a contradiction. The case in which the second set of
conditions is satisfied is similar. 
The following result is similar to [6].
THEOREM 6. A compact surface M ⊆ H3 with strictly positive
Gaussian curvature is either an extrinsic sphere, or the function KII −
K√
detA
changes sign.
Proof. Assume for a compact surface M ⊆ H3 with strictly positive
Gaussian curvature, which is not an extrinsic sphere, the function KII−
K√
detA
does not change sign. The latter condition can only be satisfied if
this function vanishes identically. Let p• be a point where the function
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H2
detA
assumes its maximal value. Formula (Q) reduces at this point p•
to
0
•
= 2H
(
H2 − detA)
(
KII − HK
detA
)
.
(The symbol
•
= indicates that both sides of an equation should be
evaluated at the point p•.) Since M is not an extrinsic sphere, p• is
non-umbilical, and thus it can be inferred that
KII
•
=
HK
detA
•
>
K√
detA
,
which is clearly a contradiction. 
COROLLARY 7. A compact surface M ⊆ H3 with strictly positive
Gaussian curvature is a sphere as soon as any of the following condi-
tions is satisfied: 

(i.) KII >
K√
K + 1
;
(ii.) KII 6
K√
K + 1
;
(iii.) KII 6
K
H
.
The following theorem generalises theorem 29 of [2].
THEOREM 8. Let M ⊆ H3 be a compact surface with strictly positive
Gaussian curvature. Assume real numbers C, r and s can be found,
subject to the conditions 0 6 s 6 1, r 6 1, and 2r + s 6 1, such that
the equation
KII = C H
sKr
is satisfied. Then M is an extrinsic sphere.
Proof. Let ϕ stand for the function
ϕ : ] 0 , +∞ [→ R : x 7→ x
1−r
(1 + x)
s+1
2
.
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It should be remarked that ϕ′(x) > 0 for all x ∈ ] 0 , +∞ [. Further-
more, the constant C has to be strictly positive. Let K assume its
maximum in a point p+. Then it can be concluded
(C HsKr)(p+) = KII|p+
=
 H K
K + 1
+ P − I (gradK , A
← gradK)
8(K + 1)2

(p+)
>
 HK
K + 1

(p+)
.
Since s− 1 6 0, it follows that (K + 1) s−12 > Hs−1. Consequently,
C (K + 1) s−12 Kr−1
(p+)
>
C Hs−1Kr−1
(p+)
>
 1
K + 1

(p+)
and hence for all q ∈M
C >
 K
1−r
(K + 1)
s+1
2

(p+)
= ϕ(K)|(p+) > ϕ(K)|(q) =
 K
1−r
(K + 1)
s+1
2

(q)
.
Thus there holds
KII
√
K + 1 = C HsKr
√
K + 1 >
HsK
(K + 1)
s
2
> K .
The theorem follows by virtue of corollary 7. 
The lemma below is a preparation for theorem 10, which generalises
a theorem of [5].
LEMMA 9. Assume a compact surface M ⊆ H3 has positive-definite
second fundamental form. If p• ∈ M is a critical point of H, then
KII|(p•) >
HK
detA

(p•)
.
Proof. Let the point p• be such as in the lemma and suppose that the
inequality KII
•
<
H K
detA
holds. Since the gradient of H vanishes at the
point p•, formula (Q) implies the following at the point p•:
0
•
6
H2
4(detA)2
I (grad detA , grad detA)
•
= 2H (H2−detA)
(
KII − HK
detA
)
.
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Furthermore, 2H (H2 − detA) is non-negative. The above inequality
can only be valid if H2
•
= detA, and consequently grad detA|(p•) van-
ishes. Thus, the following contradiction follows:
KII
•
=
HK
detA
+ P •> HK
detA
.

THEOREM 10. Let M ⊆ H3 be a compact surface with strictly posi-
tive Gaussian curvature. Assume real numbers C, r and s can be found,
subject to the condition −1 6 r 6 −1
2
, such that the equation
KII = C H
s (K + 1)r K
is satisfied. Then M is an extrinsic sphere.
Proof. It will first be shown that
(1) 1 6 C Hs+2r+1 .
1. First Case: s+2r+1 > 0. Let p− be a point where H achieves
its minimum, and choose an arbitrary point q ∈M . It is known
that
H(p−) 6
detA
K
KII

(p−)
=
C Hs (K + 1)1+r
(p−)
and hence
1 6 C
Hs−1(K + 1)1+r
(p−)
6 C
Hs−1+2+2r
(p−)
6 C Hs+2r+1
∣∣
(q)
.
2. Second Case: s+ 2r + 1 6 0. This follows similarly by investi-
gating a point where H assumes its maximum.
It follows from (1) that
(K + 1)
−1−2r
2 6 H−1−2r =
1
H1+2r
6 CHs ,
10 STEVEN VERPOORT
and hence also
K 6 C Hs (K + 1)r K
√
K + 1 = KII
√
K + 1 .
The result now follows from corollary 7. 
LEMMA 11. Let M ⊆ H3 be a surface with positive-definite second
fundamental form. If p• ∈ M is a critical point of HdetA , there holds
KII|(p•) >
HK
detA

(p•)
.
Proof. Since p• is a critical point of
H
detA
, the formula
grad
(
H2
detA
)
•
=
H
detA
gradH
and similar ones are valid. In this way, formula (Q) can be rewritten
as follows at the point p•:
1
4
I
(
gradH , {2H id− A} ◦ {A←} gradH) •= 2H (H2 − detA)
(
KII − H K
detA
)
.
Since both operators between curly brackets in the above formula are
positive-definite, it follows that
0
•
6 2H
(
H2 − detA)
(
KII − H K
detA
)
.
Assume first that the inequality KII
•
> H K
detA
is not satisfied. In regard
of the above inequality, this can only be the case if H2
•
= detA. But
now the rewritten formula (Q) reveals that gradH
•
= 0 and hence also
grad detA
•
= 0. Consequently,
KII
•
=
HK
detA
+ P •> HK
detA
,
which is in contradiction with our assumption. This finishes the proof.

The next two theorems generalise results of [3].
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THEOREM 12. Let M ⊆ H3 be a compact surface with strictly pos-
itive Gaussian curvature. If the equality
KII = C H
s (K + 1)r K
is satisfied for real numbers C, s and r, subject to the condition −1
2
6
r + s 6 0, then is M an extrinsic sphere.
Proof. It is first remarked that, for a critical point p• of
H
detA
, there
holds 1
•
6 C
(
H
detA
)−1−s−2r
. Namely, an application of the previous
lemma gives that
C Hs (K + 1)r K
•
= KII
•
>
HK
K + 1
and hence
1
•
6 C Hs−1 (K + 1)r+1
•
= C Hs−1 (K + 1)r+1+(s+r) (K + 1)−(s+r)
•
6 C Hs−1−2(s+r) (K + 1)r+1+(s+r)
•
= C H−1−s−2r (K + 1)1+s+2r
•
= C
(
H
K + 1
)−1−s−2r
.
It is now an easy consequence that the equality
(2) 1 6 C
(
H
detA
)−1−s−2r
holds on the entire surface M .
1. First Case: 1 + s + 2r 6 0. Let now p− be a point where
H
detA
assumes its minimum. There holds, for every point q ∈M ,
1 6 C
 H
K + 1
−1−s−2r
(p−)
6 C
 H
K + 1
−1−s−2r
(q)
.
2. Second Case: 1 + s+ 2r > 0. This follows similarly by investi-
gating a point where H
detA
assumes its maximum.
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It now follows from (2) that
K 6 C H−1−s−2r (K + 1)1+s+2r K
= C Hs (K + 1)r KH−1−2s−2r (K + 1)
1
2
+s+r
√
K + 1
= KII
(
H2
detA
)− 1
2
−s−r √
K + 1
6 KII
√
K + 1 .
The theorem follows from corollary 7. 
LEMMA 13. Let p be a point of a compact surface M ⊆ H3 with
K > 0 where KII
K
achieves its absolute minimum and H
detA
achieves its
absolute maximum. Then M is an extrinsic sphere.
Proof. Under the imposed assumptions, every point q of M satisfies
KII
K
∣∣∣∣
(q)
>
KII
K
∣∣∣∣
(p)
>
H
detA
∣∣∣∣
(p)
>
H
detA
∣∣∣∣
(q)
.
The result follows at once from corollary 7. 
THEOREM 14. Let M ⊆ H3 be a compact surface with strictly pos-
itive Gaussian curvature. Assume that the condition F ( H
detA
, KII
K
) = 0
is fulfilled for a function F : R2 → R : (u, v) 7→ F (u, v) which satisfies
the following requirements:

Fu > 0 ;
Fv > 0 ;
or


Fu > 0 ;
Fv > 0 .
Then M is an extrinsic sphere.
Proof. Similar to the proof of theorem 5. 
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